Abstract. No-hair theorems in theories of gravity with a scalar field are briefly and critically reviewed. Their significance and limitations are discussed and potential evasions are considered. ‡
Introduction
There are at least 3 related but distinct reasons for which one might be interested in the behaviour of scalar fields in black hole spacetimes:
In vacuum general relativity and in Einstein-Maxwell theory there are black hole uniqueness theorems that pin down the Kerr-Newman 3-parameter family of solutions as the only admissible one [1, 2, 3, 4, 5] . Two of these parameters are the mass and the angular momentum and the third is an electromagnetic charge. It has been conjectured that black holes cannot carry any other charge, and this is the so-called no-hair conjecture [6] . In order to check if this conjecture is true and understand the structure of black holes one needs to explore different field contents. Scalar fields is one of the interesting cases and the one we will focus on here. In passing, it is worth mentioning that hairy black hole solutions do exist in Einstein-Yang-Mills theory (see Ref. [7] for a review).
The second piece of motivation comes from the need to constrain alternative theories of gravity. Many alternatives to general relativity contain scalar fields (see Ref. [8] for a brief review). If the existence of such scalars leads to different black hole spacetimes than those of general relativity, or simply new phenomena associated with the presence of the scalar field as we will see below, one could hope to detect these deviations in astrophysical observations. Finally, one might be interested in the detection of scalar fields themselves, and black holes could just be the right laboratory for doing so.
With this 3-fold motivation in mind, I will discuss in what follows the role of scalar fields in the structure of black holes in different theories of gravity. As a warm up, the next section focuses on scalar field configurations in curved background. This simplified analysis is actually the basis of the well-known no-hair theorems for general relativity and scalar-tensor theories. Section 3 focuses on scalar-tensor theories and contains a review of no-hair theorems, as well as a critical discussion about their significance and astrophysical relevance. Section 4 is devoted to generalised scalar-tensor theories, namely Horndeski theory and theories where a scalar field defines a preferred foliation. Some characteristic solutions with scalar hair are reviewed and the restrictions under which one can formulate no-hair theorems in Horndeski theories are discussed. Section 5 contains conclusions. This is not meant to be an exhaustive review of scalar field phenomenology in black hole spacetimes. Even though I will briefly touch upon some interesting effects associated with scalar fields in black hole spacetimes, such us superradiance, spontaneous scalarization, floating orbits, hairy black holes, etc., most of these topics will be covered in more depth in other contributions to this special issue. The main focus of this contribution will be the role of the scalar field in the structure of the black hole itself.
Scalar fields on a black hole background
Consider a scalar field propagating on a black hole background. Its equation of motion is
where ≡ g µν ∇ µ ∇ ν , g µν is the inverse of the spacetime metric, and ∇ µ is the associated covariant derivative. Assume now that the background is
• stationary, as the endpoint of gravitational collapse;
• asymptotically flat, as an isolated object.
Stationarity implies that there exists a Killing vector, ξ, that is timelike at infinity. If the spacetime is to be a vacuum solution of Einstein's equations (for the moment the scalar is assumed to be a "probe field" propagating in this spacetime without back-reaction), then it will also have to be axisymmetric, by virtue of a theorem by Hawking in Ref. [1] . This means that there ought to be a second Killing vector, ζ, that has closed orbits. One could make axisymmetry an extra assumption, in which case one would not need to assume that the metric satisfies vacuum Einstein equations.
Assume now that the scalar field respects the symmetries of the metric, i.e. the Lie derivatives of the scalar with respect to the Killing vectors, L ξ φ and L ζ φ both vanish. This condition can also be written as ξ µ ∇ µ φ = ζ µ ∇ µ φ = 0. Assume also that φ → φ 0 at infinity, where φ 0 is some constant. Now consider the volume V bounded by a timelike 3-surface at infinity, part of the black hole horizon, and two surfaces, S 1 and S 2 . S 1 is a partial Cauchy hypersurface forJ
e. the intersection of the topological closure of the causal future of past null infinity with the topological closure of the causal past of future null infinity, and S 2 is obtained from S 1 by shifting each point of S 1 by a unit parameter distance along integral curves of ξ µ . Multiplying both sides of eq. (1) by φ and integrating over V yields
where g is the determinant of the metric. Integrating by parts, one obtains
where ∂V denotes the boundary of V, n µ is the normal to the boundary, and h is the determinant of the induced metric, h µν , on the boundary. It is rather straightforward to argue that the boundary contribution on the right hand side vanishes. The contribution from the timelike 3-surface at infinity will vanish due to asymptotic condition φ → φ 0 . The contribution from the horizon will also vanish, as on the horizon n µ is a linear combination of ξ and ζ. The contributions from the two partial Cauchy surfaces will not vanish, but they will precisely cancel each other. One then has
However, the gradient of the scalar cannot be timelike anywhere or null everywhere as it is orthogonal to both of the Killing vectors. Therefore, the above integral can only vanish if ∂ µ φ = 0 everywhere. Taking into account the asymptotic condition yields φ = φ 0 as the unique solution. This proves that the only admissible scalar configuration in a stationary, axissymetric, asymptotically flat black hole back-ground is a trivial one, provided that the scalar respects the symmetries of the metric and has trivial asymptotics. The proof has been first presented in Ref. [9] .
A straightforward generalisation of the proof that includes a potential for the scalar has been presented in Ref. [10] . One starts with the equation
where U denotes the potential of the scalar field and a prime denotes differentiation with respect to the argument. The assumptions regarding symmetries and asymptotics are identical to those above. However, if one wants to have φ → φ 0 at infinity in this case, then the potential has to satisfy U ′ (φ 0 ) = 0, and this will be an extra requirement. Note that this requirement implies that the potential should either have an extremum, or be a runaway potential with a flat end. Now, φ = φ 0 is obviously a solution and the idea is to show that it is unique. To this end, suppose that φ = φ 0 and U ′ = 0. § Multiplying by U ′ and integrating over V as above yields
(6) § One could have a situation where there are more than one values of the scalar for which U ′ vanishes. Since φ 0 is not assumed to have any specific value it can collectively denote all constant φ solutions.
Integrating by part one gets
The boundary contribution on the right hand side vanishes for precisely the same reasons as in the case where U = 0. On the other hand, the integrand of the left hand side is manifestly positive as long as U ′′ ≥ 0. So, as long as U ′′ ≥ 0 everywhere in spacetime, the only way for the integral to vanish is if φ = φ 0 (in which case U ′ (φ 0 ) = 0 as well). The U ′′ ≥ 0 condition can be interpreted as a local stability condition for the scalar field: consider a small enough patch of spacetime so that curvature effects can be neglected and linearise eq. (5) in a flat background and around an arbitrary solution. When U ′′ < 0 the perturbations will exhibit a tachyonic instability.
Scalar-tensor theories

No-hair theorem
So far we have only considered a scalar field on a black hole background. However, it is straightforward to show that the results of the previous section are directly applicable to scalar-tensor theories of gravity. The latter are described by the action
which is written is the Jordan frame, soĝ µν is the Jordan frame metric,R the associated Ricci scalar, and∇ µ the covariant derivative defined with this metric. ϕ is a scalar field, L m is the matter Lagrangian and ψ collectively denotes the matter fields.ĝ µν is understood to couple minimally to the matter fields and ϕ does not enter the matter action. These last two requirements define the Jordan frame. One might be tempted to think that this action might be generalised further by turning the coefficient ofR into an arbitrary function of ϕ, but this just amounts to a scalar field redefinition [11, 12] . The conformal transformation g µν = ϕĝ µν followed by the scalar field redefinition
brings the action (8) into the form
where U(φ) = V (ϕ)/ϕ 2 . This representation of scalar-tensor theory is called the Einstein frame and g µν and φ are the Einstein frame metric and scalar field respectively. In this representation φ couples minimally to gravity and has a canonical kinetic term, so the theory resembles general relativity. The trade-off is that the scalar φ now couples to matter.
In vacuo, variations with respect to g µν and φ yield the Einstein frame field equations
where
Eq. (12) is no different than eq. (5) so the analysis of the previous section that proves that φ = φ 0 is the unique solution still applies, with one subtlety. The metric is not assumed to satisfy vacuum Einstein equations but instead it satisfies eq. (11). An element of the proof was that stationarity implied axisymmetry by virtue of Hawking's theorem [1] . This theorem assumes the Weak Energy Condition,
On the other hand ∇ λ φ∇ λ φ > 0. So, the first two terms in the left hand side of eq. (14) are manifestly positive and the Weak Energy Condition holds provided that U does not became overly negative. As long as this requirement and the assumptions laid out in the previous section are satisfied, then φ = φ 0 and T φ µν = −U(φ 0 )g µν . Since the solution has to be asymptotically flat by assumption, U(φ 0 ) = 0 and the metric satisfies vacuum Einstein's equations. Hence, the solutions will be identical to those of general relativity.
Before closing this section, it is worth mentioning that, if one is willing to restrict one's attention to static, spherically symmetric solution, then there exist different proofs of no-hair theorems. In some cases, these proofs are applicable to more general theories than standard scalar-tensor theories (e.g. complex scalars or scalars coupled to gauge fields). See Ref. [13] and references therein.
Significance and limitations of no-hair theorems
The no-hair theorems outlined above suggest that quiescent (stationary), isolated (asymptotically flat) black holes in scalar tensor theory will not differ from black holes in general relativity. However, any theorem is as good as its assumptions, so a critical discussion about these assumptions is due.
Quiescent versus perturbed black holes:
The assumption of stationarity is a quite reasonable one when one is interested in the final state of gravitational collapse. However, an astrophysical black holes will cease to be stationary once it is perturbed. Scalar-tensor theories have an extra scalar degree of freedom with respect to general relativity, so there is an extra mode that can be excited. Hence, perturbation theory around the same solution in general relativity and in scalar tensor theory will differ. This is rather important, as it opens a window for detecting deviations from general relativity by studying black holes despite the existence of no-hair theorems [14] . In fact, the existence of a scalar mode can potentially lead to smoking gun effects in astrophysical systems (such as "floating orbits" for example [15, 16] ). Several contributions to this volume will be devoted to such perturbative effects, so we will refrain from saying more here. The significance of the no-hair theorems in this context is that they pinpoint the background one needs to consider in black hole perturbation theory.
Asymptotics:
Asymptotic flatness is a crucial assumption for no-hair theorems. Hairy black holes with anti-de Sitter (AdS) asymptotics do exist in scalar tensor theory, see for example Ref. [17] . For de Sitter asymptotics one could generalise the theorems presented above quite trivially. The way the asymptotics enter the analysis is the assumption that part of the boundary ∂V of the region V under consideration is a timelike 3-surface at infinity. Asymptotic flatness is then used to argue that the contribution to the integral from this part of the boundary vanishes in eq. (7). In the case of de Sitter asymptotics one could replace the timelike 3-surface at infinity with a part of the de Sitter horizon. The contribution from this part would also vanish, as the gradient of the scalar would be normal to the generator of the de Sitter horizon by symmetry assumptions (same as it is for the black hole horizon).
More realistically though, one might be interested in what happens when the black holes is "embedded" in an evolving universe, i.e. one actually has Friedmann-Lemaître-Robertson-Walker asymptotics. Generically, this would introduce an evolution to the scalar field and one could expect hair to form as a result of this evolution. However, it is also natural to think that such effects would be naturally suppressed by the dimensionless ratio t sys /t cosm , where t sys is the characteristic timescale of the system in consideration and t cosm is the time scale of cosmic evolution. These scales are very well separated, with the exception of primordial black holes in the early universe [18] . Hence, one would expect that the induced hair is quite hard to detect. This expectation is indeed supported by more robust calculations [19] .
Asymptotics also seem to impose rather severe restriction to the form of the potential of the scalar one can consider as, in order for flat space to be admissible when the scalar takes its asymptotic value φ 0 , one needs U(φ 0 ) = 0. However, when viewed in the context of separation of scales discussed above, this restriction might not be that severe. U(φ 0 ) effectively behaves like a cosmological constant, so as long as it is small enough one should be able to safely neglect it for the same reasons one is neglecting the cosmic evolution. After all, asymptotic flatness is in this context just a mathematical idealisation that reflects the physical assumption that the system is (relatively) isolated.
Symmetries and the scalar field:
When one imposes that a spacetime has certain symmetries it is tempting to assume that not only the metric, but also the rest of the fields inherit these symmetries. This is certainly the assumption made in the no-hair theorems, as the scalar is taken to have vanishing Lie derivatives with respect to the Killing vectors of the metric. However, it is not inconceivable that solutions where the scalar has less symmetry than the spacetime are admissible. The field equations do not actually imply that the scalar has to respect the symmetries of the metric. For example, take eq. (11): the left hand side will have vanishing Lie derivative with respect to any Killing vector of the metric, which implies that the same should be true for T φ µν . But this is a far weaker restriction than asking for φ itself to have vanishing Lie derivative. It has recently been claimed in Ref. [20] that stationary black holes with a time dependent scalar field do not actually exist so long as the scalar field is real. On the contrary, for complex scalar fields (which we have not considered above) hairy solutions in which the scalar field is time-dependent but the metric is stationary do exist [21] . Whether or not such solution can arise as the outcome of gravitational collapse is still unclear. This question is particularly relevant in the present context, as stationarity is the mathematical assumption that reflects our desire to determine the final state of collapse.
Surrounding matter:
Black holes are vacuum solutions. However, realistic astrophysical black holes have matter in their vicinity in the form of an accretion disk, companion stars or a galactic environment. It is thus pertinent to understand how this surrounding matter affects the configuration of the scalar field. When matter is taken into account eq. (12) acquires an extra contribution and takes the form
where A(φ) = ϕ is the conformal factor that relates the Jordan and the Einstein frame metrics and T is the trace of the stress-energy tensor of matter (as defined in the Jordan frame). For a given ω(ϕ), A(φ) can be obtained by integrating eq. (9), so it is essentially a free function that defines the theory. It is easy to see that, so long as T = 0, φ = φ 0 =constant solutions are only admissible if U ′ (φ 0 ) = A ′ (φ 0 ) = 0. (A(φ 0 ) cannot vanish, as it is the conformal factor of the metric.) This means that U and A should have stationary points for the same value of φ, which is a rather stringent restriction. Even for a vanishing potential U, A does not have to have a stationary point at all in general. Remarkably, for any theory that does not satisfy this requirement, even a tiny amount of matter would force the scalar field to acquire a non-trivial configuration and induce hair to the black hole. Of course the important, and so far largely unexplored, question is if realistic matter configurations around astrophysical black holes induce detectable hair.
The theories for which A does have a stationary point are special and have been studied extensively, mostly in the absence of a a potential U. It is clear that when A ′ (φ 0 ) = 0 the corresponding theory admits all of the spacetimes of general relativity as solutions even in the presence of matter. Hence, one might expect that such theories can evade weak field experiments and this is indeed the case. Interestingly though, they can still be significantly constrained by strong gravity tests due to a phenomenon called spontaneous scalarization [22, 23] . The basis of this effect is the fact that even though the solution of general relativity with constant scalar are in principle always admissible, they are not unique. For stars with relatively low central densities, such as the Sun, they seem to be indeed energetically preferable. However, as the compactness of the star increases a transition occurs and above a certain threshold a "scalarized" configuration is the final result of gravitational collapse.
At the perturbative level, spontaneous scalarization tends to manifest as a tachyonic instability of the unscalarized solution. The coupling between the scalar and the matter render the scalar perturbation massive and the induced effective mass is negative. It has recently been shown in Refs. [24, 25] that spontaneous scalarization can occur in black holes as well when the matter distribution that surrounds the black hole induces a negative effective mass. On the other hand, when the effective mass turns out to be positive and the black hole is rapidly rotating other interesting phenomena can occur, such us superradiance driven instabilities and large amplification [24, 25] . The relevance of these effects for realistic matter configuration is still unclear and deserves further investigation.
Generalized scalar-tensor theories
The most obvious way to evade the theorems presented in Sections 2 and 3.1 is to consider more general actions that contain a scalar field non-minimally coupled to gravity. The theorems do not apply to theories were the scalar does not satisfy eq. (5) (or cannot be made to do so by means of suitable field redefinitions). For example, it has been known for quite some time [26] that static, spherically symmetric black holes do have hair in the following theory:
where G ≡ R µνλκ R µνλκ − 4R µν R µν + R 2 is the Gauss-Bonnet invariant. It is worth stressing that one cannot "undo" the coupling between the scalar and G by means of a conformal transformation. One could attempt to redefine φ in order to change the coupling's dependence on φ but any such redefinition would make the kinetic term noncanonical. So, it should be clear that the scalar field in this theory cannot be made to satisfy eq. (5) by means of a field redefinition.
More recently it has been shown that black holes have hair in a similar theory with a linear coupling between φ and G [27, 28]
In this theory it is straightforward to see that black holes have to have hair by simply inspecting the equation for the scalar
Since G contains the Kretschman scalar, R µνκλ R µνκλ , that vanishes only in flat spacetime, it is clear the φ cannot be constant in any other spacetime [27] . Actually, the same argument can be made for any theory with a coupling of the type f (φ)G for which f ′ never vanishes. The hairy black hole solutions of Refs. [26] and [28] have some remarkable features. Even though they do have a non-trivial scalar configuration their scalar charge is not an independent parameter, so one still has just a one-parameter family of solutions (the parameter can be related to the ADM mass). For the case of action (17) the reason can already be seen if one tries to solve eq. (18) on a Schwarzschild background perturbatively in orders of the coupling α, or more correctly the dimensionless quantity α/m 2 where m is the mass of the black hole and α/m 2 ≪ 1 [27] (see also Refs. [29, 30] ). To first order in α/m 2 the solution is
where r is the areal radius coordinate and C an integration constant. φ ′ diverges on the black hole horizon r = 2m and the only way to avoid this is to impose C = 2/m. This choice yields
Hence, regularity of the scalar across the black hole horizon fixes the value of C and relates the scalar charge with the black hole mass. Non-trivial scalar profiles whose scalar charge is not an independent parameter are sometimes referred to as "hair of the second kind". The other remarkable feature of these hairy solutions, which is not captured by the perturbative treatment in the coupling, is that they harbour finite area instead of central singularities. The size of the finite area singularity is determined not only by the mass but also the value of the coupling α, and this implies that such black holes have a minimum size. It is not surprising that this feature of the geometry is not seen in the perturbative treatment used above. If one calculates when the perturbative treatment breaks down by comparing the size of the leading order term in the expansion with the size of the next-to-leading-order correction, one finds that they become comparable at precisely the radius were the finite area singularity lies in the non-perturbative solutions [28] . Note that in some cases it might not be wise to take the non-perturbative solution seriously. For instance, suppose one is considering αφG as the first in a series of corrections to the action where α is the parameter controlling the order of the expansion. Then the solution can only be trusted to order α (and only if it is smooth in the α → 0 limit) as O(α 2 ) correction have been neglected at the level of the action (see Ref.
[28] for a more detailed discussion).
It should be clear by now that one cannot hope to have a no-hair theorem that applies to any generalised scalar-tensor theory. However, it is worth exploring whether such a theorem can be proven for at least a subset of the possible generalisations.
No-hair theorem in shift-symmetric Horndeski theory
Horndeski in 1974 has pinned down the most general action that leads to second order equations for a metric and for a scalar field in 4 dimensions [31] . This result had passed largely unnoticed until fairly recently, when Horndeski's theory got rediscovered [32] as a covariant generalisation of Galileon's [33] -flat spacetime scalar theories where the scalar enjoys the galilean-like symmetry φ → φ + c µ x µ + c, where c µ is a constant one-form, c a constant and x µ is the coordinate vector. Galilean symmetry is absent in curved space and only a subclass on Horndeski's theory actually enjoys it in the flat spacetime limit. We will not delve any deeper in the general properties of Horndeski theory or Galileons here. For a recent review please see Ref. [34] .
If one is willing to restricts oneself to scalar fields that enjoy shift symmetry, i.e. invariance under φ → φ + c then the restricted Horndeski action takes the form [28] 
Shift symmetry implies that the equation of motion for the scalar take the form of a current-conservation equations
where J µ is the Noether current associated with shift symmetry. In Ref. [35] a no-hair theorem for the shift-symmetric Hornedeski action has been presented. The theorem applies to asymptotically flat black holes and the symmetry assumptions are stricter that those of the no-hair theorems in standard scalar-tensor gravity. Instead of just stationarity, staticity and spherical symmetry are assumed. Finally, there is also an assumption about the precise form of the current as a functional of φ which, as we will see below, will restrict the range of validity of the theorem.
Under the assumptions of staticity and spherical symmetry one is allowed to make the ansatz
for the metric. Assuming that φ respects the same symmetries one has φ = φ(ρ). The proof can then be split into the following steps:
• J ρ should be the only non-vanishing component of the current. A non-vanishing angular component is excluded by spherical symmetry and J t has to vanish else it would imply the existence of a preferred time direction.
• J ρ has to vanish on the black hole horizon else J µ J µ = (J ρ ) 2 /f would diverge there. Note that f is the norm of the Killing vector associated with symmetry under time translations, so it vanishes on the horizon.
• J ρ has to vanish everywhere if it vanishes on the horizon. Integrating eq. (22) yields r 2 (ρ)J ρ = constant and r is the areal radius of constant-ρ surfaces, so it is finite on the horizon.
• J ρ = 0 implies that φ is constant.
It is clear that this last step is non-trivial and depends on how φ and its derivatives enter the current. In Ref. [35] it has been assumed that the
where F tends to a non-zero constant asymptotically. The justification for the ansatz and the asymptotic behaviour of F is that the leading order term in the weak field limit, which should be applicable asymptotically, should be coming from the standard canonical kinetic term. It is then argued that, since f = 1, F = 0 and ∂ ρ φ = 0 asymptotically and f and F are smooth functions, as ones moves infinitesimally closer to the black hole J ρ cannot remain zero unless ∂ ρ φ remains zero as well. The hairy black hole solutions to the theory (17) discussed above seem to already constitute counter examples to this no-hair theorem [27] . Action (21) is supposed to be the most general action for a shift symmetric scalar that leads to second order field equations for both the scalar and the metric. Action (17) is shift-symmetric up to a boundary term, as G is a total divergence, and it certainly leads to 2nd order equations. So, it has to be a subcase of (21). Though not obvious, this is indeed the case and one needs to make the choice K = X, G 3 = 0, G 4 = M 2 p /2, and G 5 = −4α ln |X| in order to recover (17) from (21) [36] .
The way this specific choice evades the no-hair theorem is by failing to satisfy the assumption made for the form of the current (see Ref. [27] for a more detailed discussion on the form of the current). Reading off the current from eq. (18) yields
where G µ can be thought of as implicitly defined by ∇ µ G µ = G. The second term depends on the metric only and so J ρ cannot be put in the form of the ansatz (24) with F being continuous as ∂ ρ φ → 0.
As it has been argued in Ref. [27] , φG is the only term contained in the action (21) that can evade the theorem of Ref. [35] and still admit flat spacetime with constant φ as a solution. This is because, the only way that the current can be finite asymptotically, where the spacetime is flat and ∂ ρ φ → 0, and not satisfy the assumptions of Ref. [35] is if it has a piece that is independent of φ. This in turn implies that there is a term in the action that is linear in φ, i.e. it has the form φA [g] . The function of the metric A should be a total divergence else the action would fail to be shift-symmetric. Additionally, variation of this term with respect to the metric and the scalar should lead to contributions to the field equations that are second order in derivatives. Combining all of these requirements one gets that A[g] = G.
It should be clear that, as long as the term φG is not excluded by fiat from the action (21), black hole solutions will have hair irrespectively of what other terms might be present. Recall that G only vanishes in flat space and it will be effectively sourcing φ in any theory that contains the term φG. One could exclude φG from the action by imposing some extra internal symmetry [27] . The most obvious would be φ → −φ and the corresponding theory would be
Limitation and extensions of the no-hair theorem
The most obvious limitation of the no-hair theorem for shift-symmetric Horndeski theory is the loophole associated with the term φG that has already been discussed. In absence of this term, either by fiat or by assuming extra symmetries that exclude it, the theorem will apply and black holes will no differ from those of GR. However, all of the limitations listed in Section 3.2 for standard scalar tensor theory apply here as well. We will not repeat the discussion but it is worth emphasising that the assumptions regarding asymptotics and symmetries are even more subtle here. Because of shift symmetry the scalar appears in the equations only through its gradient, so there is a priori no reason to assume that φ itself respects the symmetries of the metric. It would be more than enough to just assume that the gradient of φ has vanishing Lie derivatives with respect to the Killing vectors [27] . Indeed, hairy static black hole solutions with a time-dependent scalar do exist [37] . Additionally, since theories described by the action (21) can lead to rather non-trivial cosmologies, it is worth studying in detail how time-dependent asymptotic conditions for the scalar would affect its configuration. One extra limitation of this no-hair theorem with respect to those of standard scalar-tensor theory is that it resorts to staticity and spherical symmetry, as opposed to just stationarity. Because of these extra symmetry assumptions, it does not cover rotating black holes. However, it is rather straightforward to extend its validity to slow rotation [27] . Let us assume that starting from a static, spherically symmetric solution one can generate a rotating one perturbatively order by order in the rotation, i.e. a single book keeping parameter ǫ is enough to keep track of the corrections. Changing the direction of rotation would imply ǫ → −ǫ. One can argue one physical grounds that the solution should be invariant under reversal of the direction of rotation together with reversal of either the time coordinate or the azimuthal angle. The most general slowly rotating metric has been given on the basis of this argument in Ref. [38] . One could apply this argument to the scalar φ. The slowly rotating solution will be stationary and axisymmetric. In the coordinate system used to write the metric ansatz (23) one then has φ = φ(ρ, θ), as φ is assumed to respect the symmetries of the metric. Corrections linear in the rotation would change sign if the direction of rotation is reversed irrespectively of whether one reverses time or azimuthal angle. Therefore, they have to be absent and φ can receive no correction at linear order in rotation. As a result, given that φ =constant in the spherical case it will have to remain so for slowly rotating solutions, and the corresponding metric will solve Einstein's equations.
Theories with a preferred foliation
There exist generalised scalar-tensor theories which have second order field equation and yet they are not members of the Horndeski action discussed above. This might seem as an apparent contradiction, as Horndeski's action is by construction the most general one that leads to second order equations for both the metric and the scalar. The subtlety lies on the following fact: Horndeski's requirement is that the equations are second order in every foliation whereas one could actually relax this requirement and request instead that there is at least one foliation in which the equations are second order. Theories of this second type would clearly have a preferred foliation. In their covariant formulation they would have higher than second order derivatives.
Consider in particular the case of a scalar field φ that appears in the action only through the combination u µ = N∂ µ φ, where N = (g µν ∂ ν φ∂ µ φ) −1/2 . u µ is then by definition a unit, timelike vector and the scalar will have to have a timelike gradient in every solution. As a consequence, constant φ surfaces will define a foliation and N will be the lapse of this foliation. If one constructs a theory which is second order in derivatives of u µ then it will be inevitably third order in derivatives of φ (which is the fundamental field here). However, if one chooses φ as a time coordinate T , which is a reasonable choice as φ has a timelike gradient, then u µ = Nδ T µ . In this preferred foliation u µ has ceased to carry any derivatives in its definition, so the equations will be second order if the theory was constructed to have two derivative of u µ .
The structure just described is present in the low-energy limit of Hořava gravity [39, 40] , see Ref. [41] for details. The scalar field φ can be seen as dynamically defining the preferred foliation in each solution. It should be clear that black hole solutions in this theory, and in general in theories where the scalar defines a preferred foliation, will always have hair, as the scalar can never been in a trivial (φ =constant) configuration. Static, spherically symmetric solution have been studied in Ref. [42] and remarkably the scalar charge is not an independent parameter if the scalar, or actually u µ , is to be regular everywhere apart from the central singularity.
The structure of black holes in theories with a preferred foliation and the associated phenomenology is expected to be very different than that of general relativity or the rest of the theories considered above. Hence, we will not discuss them any further here and we refer the reader to a recent review and references therein instead [43] . The most remarkable feature of such black holes is that they can harbor a universal horizon: a surface that traps any signal, irrespectively of how fast it propagates [42, 44, 45, 46, 47, 48, 49] . This is a particularly relevant concept in theories with a preferred foliation, as in such theories one can have superluminal and even instantaneous propagation, so the existence of universal horizons implies that the notion of a black hole actually survives.
Conclusions
We have considered the effect a scalar field can have in the structure of black holes. No-hair theorems indicate that stationary, asymptotically flat black holes in standard scalar tensor theory will have to have constant scalar configurations and will therefore be solution of general relativity. The same statement can be made for static, spherically symmetric, asymptotically flat black holes and their slowly rotating counterpart in the most general shift-symmetric scalar-tensor theory that leads to second order field equations, provided that a linear coupling between the scalar and the Gauss-Bonnet invariant is excluded by fiat. In all other theories, scalar fields will generically have a non-trivial configuration in a black hole spacetime and will lead to a different black hole structure than that of general relativity.
No-hair theorems are elegant and powerful, in the sense that they make very few assumptions and yet they are applicable to a rather wide class of theories. However, one has to interpret them with caution. Stationarity and asymptotic flatness, for instance, might seem as very minimal and rather realistic assumptions but they are at best approximate in nature. As has been discussed above in detail, astrophysical black holes might be surrounded by matter in the form of a companion star, an accretion disk, or a galaxy, which would inevitably introduce scalar hair. Time-dependent cosmological asymptotics can have the same effect. Moreover, in certain case one can find hairy solution where the metric satisfies the assumptions of the no-hair theorems but the scalar does not. Finally, black hole perturbation theory is certainly different in (generalised) scalar-tensor theories than in general relativity. When all of these facts are taken into consideration it becomes obvious that realistic, astrophysical black holes in (generalised) scalar-tensor theories will certainly differ from their general relativity counterparts. The important open question, which is currently under scrutiny and will be discussed in many contribution to this special issue, is how detectable are these deviations.
